Year 12 Mathematics - Trial HSC 2004

QUESTION 1

6]

(&)

{d)
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QUESTION 2:

(@

(b)

{©

Find the value of ™ correct to 3 significant figures.

Factorise fully: 16x* - 352,

5

Solve for £ 4 .
-3 ¢

113 12 is written in the form m+nJ10 » where s and » are rational numbers,
24410

find the values of m and ».

A customer is given a 6% discount on the purchase of a radio. If the customer paid $42.30
find the price of the radio before the discount,

2

(START A NEW PAGE)

Differentiate the following with respect to x, leaving your answer in simplest form.

B (-4,

.. 2x

i 3x+1"

. - 6

(i) Fing: j o

(i}  Evaluate: j sec” 3x .
0

Find the equation of the curve y = f{x), if f'(x)= fx-4 and the curve passes through th
X
point {1, 5).
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QUESTION 3: (START A NEW PAGE)
MARKS
{a) (i) Sketch the graph of y=3cos28 for 0<f<x. 2
(i) Solve 3cos26=1for 0<8 < 7. Give your answer correct to 2 decimal places. 2
{b) () On the same set of coordinate axes, sketch the functions y = 6x - x? and y = 2x, 4
clearly showing the coordinates of their intersection points.
(ip Find the area bounded by the above curves and the y-axis. 4
QUESTION 4: (START A NEW PAGE)

(&) Triangles ABC and CDE are right angled at B
and [ respectively (as shown in the diagram).

M

@

10cm

Gcm

B E 10em [

Copy the diagram onto your examination answer sheet and prove that A4BC and ACDE
are similar.

If AR = EC = F0cm and DE = Gom, find the length of AC.

{(B) A(5,20), B30, 15), C(20, -10) and D are the vertices of a quadrilateral ABCD.

M

(i)

Given that the diagonals AC and BD are perpendicular, prove that the point 2 lies on the
fine y=1x.

i also 4B = AD, prove that the coordinates of D are (- 6,~3).

{iii) Prove that AC bisects BD.
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QUESTION7:  (START A NEW PAGE)
QUESTIONS:  (START A NEW PAGE)

MARKS
(a) Onaninterval x, <x<x,, acurvey= f{x) has the following three properties: o
(a} A balloon drifts 100km from point 4 to poiat B on a bearing of 028°T. At poi MARKS Fxd<0 . )0 ad  fr()<o. 3
2 c a . ) . .
changcso 311.;&5011 and driggllggrm t;;gﬁ;{‘ E, ogl;?ne:iirnlg% ?1 ?5.?1, - At point & the balloon Draw a section of the curve y = f(x) that illustrates all of above information.
g :
) Drawa ncat diagram showing the above information. 1 {b) The mass Af grams of a radioactive isotope of Carbon (called Carbon 14 and written as C.)
{ii) Find the distance from point 4 to point C. Give your answer correct to the nearest 2 found in a rock sample at time ¢ ycars is given by the formula M = 4e™, where 4 and 4 are
kilometre, constants.
{iii} Find the true bearing of point C from point 4, Give your answer correct to the nearest 3 () Prove that the rate of decay of the mass of C,, is propertional to the mass present at any 2
degree, time ¢,
(i)  Ifthere is injtially 100 grams of €|, and this mass decays to 75 grams in 2500 years, 3

find the values of the 4 and . Give your value of k correct to three significant figures.
(b) Water flows into then out of a container at a rate (R titres/minute) given by R = ¢{(10~ 7).

(i) Find the amount of |, present at the end of 4000 years. Give your answer correct to the 2
(i)  Find the maximum flow rate. 2 nearest gra.
(i) Find an expression for the volume, ¥ litres, of water in the container at time ¢ minutes 2 {iv} Find the time required for the mass of C,, to decay to 5 grams. Give your answer correct 2
assuming that the container is initiaily empty. to the nearest 100 years.
(ili) Find the total time for the container to fill and then empty. 2
QUESTION 8: (START A NEW PAGE)
(a) As wire is unwound from a cylinder, the mass of wire remaining on the cylinder decreases,
It is given that the mass, M kg, of wire remaining after ¢ minutes can be calculated by the
QUESTION &: (START A NEW PAGE) formula M =240-4041 +1.
(8 (1)  Sketch the region bounded by the curve y =3/, the y-axis and the line y = 2. 1 (i)  Find the initial mass of wire on the cylinder, 1
(i) Find the exact volume of the solid formed when the area in part (i) is rotated one 4 (i) Find the time taken to remove all the wire from the cylinder. 2
evolution about the x-axis. . .
e {iif} Find the rate at which the wire is being removed from the cyiinder when hatf the wire 3
has been removed, -
(b} The velocity v m/s of an object at time ¢ seconds is given by v =3/* —14r+8. The object is (b) ABCD is a parailelogram. P is a point chosen
initially 30m to the right of the origin. on side A8 s6 that PD bisects £ADC and
) . ZDPC =90°. (as shown in the diagram)
(i}  Find the initiaf acceleration of the object. 1
(i} Find when the object is at rest. 2
(iii) Find the minimum distance beween the origin and the ohject during its motion. 4
() If £PDC =a®, prove that £BPC = (90~ aF. 3
(i) Prove that ABPC is isosceles. 3
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QUESTION 9: (START A NEW PAGE) QUESTION 10: (START A NEW PAGE)

MARKS
MARKS
A fund is established to provide prizes for a basketball team’s annual Awards night. $10 000 is
(a) Four towns A, B, C and D are joined by A o placed in the fund one year before the first Awards night. It is decided that $450 will be withdrawn
roads that are either straight or arcs of from the fund each year topurchase the annual prizes. The money in the fund is invested at 3% p.a.
concentric circles with centre at 0. Towns B compounded annually with the interest paid into the fund before each annual Awards night.
and C are distance 3x km from O and towns 4" ¢
A and D are both distance x km from B and " : (i)  Show that the fund contains $9695.50 afler the second Awards night, 2
C respectively and £40D = @ radians. e kr .
{see diagram) L xkm (i) If 4, is the amount in dollars remaining in the fund after the i Awards night, 3
o prove that 4, =5000(3-1.03"}.
0
. . L, . iif) Find th unt of in the fund afler the 25 Awards night. Give yo SWET cofrect to 1
(i}  Write an expression, in terms of x and &, for the [ength of the journey from town A to i (iti)  Find the amount of mency in fter the wards night. Give your an
the nearest dollar,
town [ along the arc AD,
. . . ‘. . . "
(i) A salesperson wants to travel from town A to town D but must visit towns 8 and C on 1 (v} - Find the maximum number of Awards nights that can be financed using this fund. -
:he wiliy't Write EB expression, in terms of x and &, for the length of this journey from (v) For the fund described above it is decided to increase the amount of money withdrawn for cach
own 4 to town D. Awards night by 2% each year.
(i) gg?giél;: value of & for which the journeys described in parts i) and (ii) are the same 2 (o) Show that the amount remaining in the fund after the 2 Awards night is $9686.50. 3
{(p) Find the amount remaining in the fund after the 25" Awards might. Give your answer 2

correct to the nearest dotlar.

(b} An isosceles triangle POR with PQ = PR is
inscribed in a circle of radius 8cm (as shown
in the diagram),

Given that O is the centre of the circle and M 2€ e THE END b gg
is the midpoint of the base OR of the triangle,
you may assume that P, O and M are collinear
and PA{ is perpendicular to OR.

(i) Ifthe height, PM cm, of APQR s /1 cm, prove that its area, 4 cm®, is given by

3 3
A=ml6h-1* .

(i) Write down the restriction on the values for /. i

{iii) Find the maximum area of APOR . . 4

SRAHSMaths(2u)yTrial/2004 JRAHS Matls(2u) Trial/2004



Year 12 Mathematics - Trial HSC 2004

QUESTION 1
(@) e =0.0821 (to 3 significant figures)

(©) 16x> —36y” = 4(4x> —9y*)
=4(2x-3y)2x +3y)

(c) 4t=5(2t-3)

=10r-15
6t =15
t=2%

@ 1 122-+10)

=—4+2410
m=-4,n=2

()  94% of radio price = $42.30
1% of radio price = &4927430

42.30

100% of radio price = $ x100

=$45.00

QUESTION 2: (STAR A NEW PAGE)

(®)
2
2
3
3

(b)
2

(©

® Let f(x)=(3-4x)
S'(6)=70G-4x) x(-4)
=-28(3 - 4x)’

(i)

2
Let f(x)= 3xj—1

(o Bx+1)2)-(2x)3)
f(X)_W
_ 6x+2-06x
© (Bx+1)
2
(Bx+1)

i 6
@ I 1_2)6(/1')c:73ln(1—2x)+c

(CYR

J‘ sec? 3x dx = tan 3x]§
0

=1{tan* —tan 0}

dy _x-4
dx X

14

=X _—

X

y:Zx% —4Inx+c
at point (1,5)
5=21-4Inl+c
=3

y=2Jx-4Inx+3



QUESTION 3: (STAR A NEW PAGE)

(a) (i) Sketchthe graph of y =3cos28 for 0<d<r.

-3

(i) 3cos26=1
cos28 =1
20 =123095%0r 5.052226
& = 0.62 or 2.53 (o 2 decimal places)

) i - e

L3

P

yue{E-x3
8 - . {4.0)

&

4

{0.0)

i A= ijdx+i(61~x2)it
L] 4
=[.v¢:1]‘;+[3x2 —%x]]j
b o o4 6)- e )
=254

Arca=254u’

QUESTION 4:

@ @

(i)

() (i)

(i)

In AACB and ACDE
ACB = DCE {tommon)
ABC = CDE (both 90°)

AARC = AEDC (equiangular)

AC

10

AC =162

lengthof AC =164cm

20+10
5-20
=-2
“ slope DB =1

slope AC =

equation DB is
y—15=1{x-30)
y—15=1x~15
y:

o=

X

Let D be the point (2a.4)
AD? = AB?

(2a-3) +{z- 208" = (5-30) +{20-15)

Sa* —60a-225=10
a*—12a—-45=0
{a+3%a-15)=0
a=-3orl5

atpoint D, @ =~3

= DisQa,a)=(-6,-3)

(STAR A NEW PAGE)

— = 1—; (ratio of corresponding sides in similar triangles)




(i} Using coordinate geometry or  Using congruent triangles - 3 QUESTION 5: (STAR A NEW PAGE)

Midpaint of BD is P(12,6) Let AC meet BD at P
Equation of line AC is In A4DP and A4BP (@ )
-20=-2(x~5) _ . Nth
bY x AD = AB (given)
»=-2x+30 AP = AP (common)
at point P(12,6)

APD = 4BB(both90°, AC 1 BD)

LHS =y - AADP = A4BP (RHS)
=6 o
corresponding sides in
RHS = 2% +30 .-.DP=BP( poncine J
congruent triangles
= ;2" (-12)+30 .. line AC bisects DB
~ LHS = RHS
- midpoint P lies on line AC (i) 4C* =100% + 1607 - 2(100)(160)cos 94°

i.c.line AC bisects DB AC =195km (to nearest km)

(iii) 100° + AC* 1607
. 058 = ——————
2{100X4C)
=0.5715
#=1355¢
bearing = (28° + 55°)T
= 083°T (to nearest degree)

(b) () whent=5R=5(10-5)

=25
max. flow rate =25 L/min

Wy ={{or-r)a
=50 -1F +c
whent=0,/=0=¢=0
V=57 -4r

(iii) when ¥ =0
50 -Lr =0
1r(15-4)=0
{=0orls
. time taken = 15 minutes

[

[o¥]



QUESTION 6: (STAR A NEW PAGE)

(m !

7.8

(i)

< volume = &

) () v=32_14r+8
a=66-14
whent=0,a=-14

initial acceleration = —14ms "2

(i) atrestwhenv=0
H 141+ 8=0
Br-2f-4)=0
t=2or4d

at rest after < seconds or 4 seconds

() »=£ -7 +8+¢
Lo t=0x=30=c=30
L 3 2

Sonx=0 =T + 80430
whent=0,x=30
whent =2, ¥=-10<0, . concavedown => local max.tp
whent =4, ¥=10>0, . concave up = local min.tp,
x=4"—7%4? +8x4+30

=14

.. minimum distance = 14km

14

QUESTION 7:

I (a}

(STAR A NEW PAGE)

e or

)
4 (i)
1
(i)
2
(iv)
4

o5
"

a

= —kde™
di ¢ :

=—kM since M = de™
a o
dt

whent=0, M =100
100 = 4e°
A=100
when 1 = 2500, M =75
75 = 100e
e =075
-2500k=n0.75
k= InQ.75

—2500

=1.15x10™ (to 3significant figures }

when 1 = 4000

M= woe—woml.lsno“
=63
mass = 63 grams

when Af =5
5=100e™"
e™ =005
~ it =1n0.05
(= In0.05
-k

= 26049

time = 26000 years (to nearest 100 years)




QUESTION 8:

(@ @

@i

(i)

® ®

(i)

{STAR A NEW PAGE)

whenf=0

M =240-4041
=200

.. initial mass = 200kg

when M =0

0=240-40Vr+1

40Jr+1=240

Jt+1=6

t+1=36

=35

.. time = 35 minutes

d—M=o—40x;—(z+1)'%

dlt
~-20

=

Jrl
when M =100

100 = 240401 +1
404t +1=140
Ji+1=35

a0

AB|| DC[OPposne sidesof parallelogram)

are parallel
AB| DC, alternate angles )

LAPD = a"(
are equal

ight
ZBPC+a°+90° =1 800[5“31%}1 angle ] %
D

. ZAPB =180° i
£BPC=(90~c)f

ZADC =2a° (PD bisects £4DC)

ZABC = 2a° (opposite angles of-parallelogram are equal)
£BCP +20° +{90~ &) = 180° (angle sum of ABPC =180°)
£BCP=(90~-ay

. ABPC isisosceles (£BPC = ZBCP = (90— ax)°)

QUESTION 9:

@@ @@
(ii)
(ii)

() @)

(ii)
(iii)

(STAR A NEW PAGE)
AD =4x0
ABCD =2x+3x8

AD = ABCD

4x0 =2x+3x0
x6-2x=0
x(9-2)=0
6=2(x=0)

.. angle = 2 radians

Area =%{OR.PM Case (1)
OR=20M PM=i>8
OM = (h-8) an
Case(l) if 128 "
OM? =8 —(h—8) (Pythagoras Theorem)
Case2 if h<8
OM? =8 —(8—h)* (Pythagoras Theorem)
Q R

- OM? =16h-F’
OM =+16h~h* (OM > 0) Case @)
Q“’i:Z\]B‘I.;*:IT2 PM=h<8
Area:A:';x21).16h—-h1 xh .m)(ﬂl
wA=m6h-n

=16h~h*
oM =16h—h* (OM >0)
OR=2\16h—h?
Area: A=%><2w]16h——hz xh
o A= hJ16h—h*
0<h<16

A=h{6h-n)
_Z_: = (1)a6h -2 +()x L6k~ ) x (16-24)
8h—i*

= 16,1‘-‘]!2 [ e e

16 -1
_.2h(12-h)
16h—h?



for stat. pt. a4 =0
dh
2h(12-h) 0

N16h—h*

2h(12-h)=0

h=0orl2

test stat. points

when2=0, A =0, .. min.area
when 7 =12

h <12 (=11) 12 >12 (=13)

dA 2(11)1) 2(13)(-1)

dh | Jlex11-11° 0 Ji6x13-132
>0 <0

Change in gradient (+, 0, -) and curve is continuous for 11 </ <13 .. stat. pt. is a local

max. tp.

Since the area function is continuous for 0 </ <16 and there is only one max. tp. for

0 < h <16 then the local max. tp. is the absolute max.

maximum A =12,/12(16 —12)
=483

. maximum area = 483 cm”

QUESTION 10:  (STAR A NEW PAGE)

@@

(if)

(iif)

(iv)

Let $4, = amount in the fund after the n™ awards night
A, =10000x1.03 —450
A, =A x1.03-450
=(10000x1.03 - 450)x1.03 - 450
=10000x1.03* —(1.03 +1)x 450
=9695.50
-~amount in fund = $9695.50

A, =10000x1.03—450
A, =A, x1.03-450
= (10000 x1.03 — 450)x 1.03 — 450
=10000x1.03> - (1.03+1)x 450

A, =10000x1.03" —(1.03"’1 +1.03"7 +---+1.03 +1)>< 450

1.03" -1
1.03-1

:10000x1.03"—1>{ Jx450

~10000x1.03" —| 1083 =1, 450
0.03

=10000x1.03" —(1.03" —1)x15000
=10000x1.03" —1.03" x 15000 + 15000
= 15000 - 5000 x1.03"

4, =5000(3-1.03")

when n =25
A, =5000(3-1.03%)
=4531.11
. amount = $4351 (to nearest dollar)

4,20
5000(3-1.03")>0
3-1.03" 20
103" <3
nln(1.03)<In3

- In(1.03)

In3

n<37.16

.. max. number of awards nights =37



(V) Let $B, = amount in the fund after the n™" awards night
(@) B ~10000x1.03 - 450
B, = B, x1.03-450x1.02
=(10000x 1.03 - 450)x1.03 — 450 x1.02
=10000x1.03> —(1.03+1.02)x 450
=9686.5
-.amount in fund = $9686.50

(B) Let $B, = amount in the fund after the n" awards night
B, =10000x1.03-450
B, = B, x1.03—450x1.02
=(10000x1.03 — 450)x 1.03 — 450 x1.02
=10000x1.03% —(1.03 +1.02)x 450

B, =10000x1.03" — 450 {1.03"" +1.03"2(1.02)+1.03"(1.02? )+ -+ +1.03(1.02" )+ 1.02"" |
1.03

B, seriesisa GP witha =1.02"" and r = .

(1.03)” B
B =10000x1.03" —450x1.02" ' x |~-02)

1.03 .
1.02

450x1.02"" {M}
1.02"
—10000x1.03" —
1.03-1.02
1.02
~10000x1.03" _ 450x(1.03" -1.02")

0.01
=10000x1.03" — 45000 (1.03" —1.02" )
=10000x1.03" —45000x1.03" +45000x1.02"

B, =45000x1.02" —35000x1.03"

B,; =45000x1.02% —35000x1.03*

.. amount in fund = $545

X (¢ THE END ® X



